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ON NORMAL RULED SURFACES OF GENERAL HELICES IN THE SOL
SPACE &ol®
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ABSTRACT. In this paper, normal ruled surface of general helices in the Gol® are studied. Also,
explicit parametric equations of normal ruled surface of general helices in the Gol® are found.
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1. INTRODUCTION

A developable surface, or torse, is a surface with zero Gaussian curvature. So it can be
flattened onto a plane without distortion. In elementary differential geometry, it is stated that
under the assumption of sufficient differentiability, a developable surface is either a plane, conical
surface, cylindrical surface or tangent surface of a curve or a composition of these types. Thus
a developable surface is a ruled surface, where all points of the same generator line share a
common tangent plane.

Design using free-form developable surfaces plays an important role in the manufacturing
industry. Currently most commercial systems can only support converting free-form surfaces
into approximate developable surfaces. Direct design using developable surfaces by interpolating
descriptive curves is much desired in industry.

In this paper, normal ruled surface of general helices in the Gol® are studied. It ends with
the determination of explicit parametric equations of normal ruled surface of general helices in
the Gol®, apparently new.

2. RIEMANNIAN STRUCTURE OF SOL SPACE Gol®

Sol space, one of Thurston’s eight 3-dimensional geometries, can be viewed as R? provided
with Riemannian metric
Jeop = €7da? + e” Fdy* + d2?, (1)
where (z,y, z) are the standard coordinates in R3.
Note that the Sol metric can also be written as:

3
Ieol = Zwi ® W', (2)
i=1
where
wl =e*de, w?=e*dy, w®=dz, (3)
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and the orthonormal basis dual to the 1-forms is
, 0 0

0
%, €y = ¢ @, 93—&. (4)

Proposition 1. For the covariant derivatives of the Levi-Civita connection of the left-invariant
metric g, defined above the following is true:

e =e¢e ”

—es3 0 (S5}
V == 0 e3 —e ) (5)
0 0 0

where the (i, j)-element in the table above equals Ve e; for the basis
{ex, k =1,2,3} = {e1,e,,e3}.
Lie brackets can be easily computed as:
[e1,e5] =0, [e2,e3] = —eq2, [e1,e3] =e;.

The isometry group of Gol® has dimension 3. The connected component of the identity is
generated by the following three families of isometries:

(x,y,2) — (x+cy,2),
($7 y7 z) - (x7y+c7 Z) )
(x,y,2) — (efca:, ey, z + c) )

3. GENERAL HELICES IN SOL SPACE Gol3

Assume that {T,N,B} be the Frenet frame field along . Then, the Frenet frame satisfies
the following Frenet—Serret equations:

V1T = kN,
VTN = —HT—}—TB, (6)
VB = —7N,

where k is the curvature of v and 7 its torsion and
960[3 (T7 T) = ]., 960[3 (N,N) = ].7 g60[3 (B,B) = ].,
960[3 (T7 N) == 960[3 (’]:‘7 B) == 960[3 (N7 B) == 0.
With respect to the orthonormal basis {e1, e,, es}, it is possible to write

T =Tie; + Tres + Txes,
N = Nje; + Naez + Nses, (8)
B =T x N = Bye; + Byesy + Bses.

Theorem 3.1. ([14]) Let v : I — Gol® be a unit speed non-geodesic general heliz. Then, the
parametric equations of v are

x(s) = %[— cosPcos [€15 + €o] + €y sin [€15 + Ca]] + €4,

y(s) = %[—@1 cos [€15 + €] + cos Psin [€15 + o] + €5, 9)

z(s) = cosPs + €3,

where €1, &y, &3, €4, €5 are constants of integration.
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An example of a graphic defined by Eq. (9) is illustrated in Fig. 1:

Figure 1.

It results from the above theorem:

Theorem 3.2. Let~y : I — Sol® be a unit speed non-geodesic general heliz. Then, the equation
of v is

v (s) = [Q%ilgiofzm[_ cos P cos [€15 + €3] + € sin [€15 + €3]] + e Fst+E]e; +

_'_[%[_@1 cos [€15 + €3] + cos Psin [€15 + o] + Cze™ 5P~ eyt (10)

+[cosPs + C3les,
where €1, &, €3, &y, €5 are constants of integration.
4. NORMAL RULED SURFACES OF GENERAL HELICES IN Gol®

The purpose of this section is to study normal ruled surfaces of general helices in Gol3.
The normal ruled surface of v is

£(s,u) =v(s) +ulN. (11)

Theorem 4.1. Let v: I — Gol® is a unit speed non-geodesic general heliz in Gol>. Then, the
equation of normal ruled surface of yis

£(s,u) = [c:filsiosm?qs[_ cosPcos [€1s + &) +

+¢4 sin [Cls + Q:Q]] + &4e°8 Pty

+%[—¢% sinPsin [€15 + C2] 4+ cos Psin P cos [€15 + Ca]]Jer+
(12)

+[€§iig%n[—€1 COs [@18 + Q:g] + cos ‘,Bsin [Q:ls + 62]] + Q:56_ cos ‘135—63_'_

—i—%[é sin‘P cos [€15 + €2] — cos PsinPsin [€15 + Co]Jea+
+[cos Bs + L[sin® Psin? [€15 + €] — sin® Pcos? [€15 + €3]] + C5les,
where €1, &, €3, &y, €5 are constants of integration.

Proof. Assume that v be a unit speed non-geodesic general helix. After Theorem 3.2, it is
possible to state that

T = sin P cos [€15 + €3] e1 + sin P sin [€15 + €3] ex + cos Pes.
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And, using the first equation of Eq.(8), we have
VT = (T{ + T\T5) ey + (T4 — ToTs) e + (15 — T7 + T3 es.

This can be rewritten as

1
VT = [_a sin P sin [€15 + o] + cos Psin P cos [€15 + E]ler +

1
+[€— sin P cos [€15 + €3] — cos PsinPsin [€15 + Ca)lex +
1

+[sin? Psin? [€15 + €] — sin? P cos? [€15 + Co)]es.
By the use of Frenet formulas and the above equation, it is achieved
N = %[—é sinPsin [€15 + C2] + cos Psin P cos [€15 + Ca]]e1+

+ %[é sin P cos [€15 + Co] — cos Psin Psin [€15 + Eo]|ea+ (13)

+ 1[sin? Psin? [€15 + €5] — sin? P cos? [€15 + €5]]es.

Combining Eq.(13) and Eq.(11), it is obtained Eq.(12).

Theorem 4.2. Let v : I — Gol® be a unit speed non-geodesic general heliz and £its normal
ruled surface on Gol3. Then, the parametric equations of £ are

Tg (s,u) = exp[— cos Ps — L[sin® Psin? €15 + €] — sin® P cos? €15 + €3]] — €3]

[%[— cos P cos [€15 + Co] + € sin [€15 + C]] + e FstEs 4
1

+%[—¢% sin‘Psin [€15 + €] + cos Psin P cos [€15 + Eo]]],
ys (s,u) = explcos Ps + 2[sin? Psin? [€s + €] — sin® P cos? [€1s + €3]] + €3] (14)

[%[—Ql cos [€15 + €3] + cos Psin [€15 + Co]] + Cxe™ 5P~
1

+£[¢% sin P cos [€15 + o] — cos Psin Psin [€15 + E]],
zg (s,u) = [cos Ps + L[sin? Psin? €15 + €] — sin? P cos? €15 + &]] + 3],
where €1, &, €3, &y, €5 are constants of integration.

Proof. Using the relations Eq.(4) and Eq.(12), it is achieved Eq.(14). This completes the proof.
[l

Similarly, an example of the obtained parametric equations for Eq.(14) is illustrated in Fig.2:
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Figure 2.

Thus, the following statement is demonstrated:

Corollary 4.1. Let v : I — Gol® be a unit speed non-geodesic general heliz and £ its normal
ruled surface in Sol space. Then, unit normal of normal ruled surface of v s

ne=[M/[L sin Psin [€1s + €] [sin? Psin? [€1s + €] — sin? P eos? [€15 + €] —

—2 cos ‘B[é sin P cos [€15 + C2] — cos PsinPsin [€15 + Co]]|—

—NsinPcos [€15 + Ca)]e1+

+[=M[L sin P cos [€15 + €] [sin? Psin? [€15 4 €] — sin? Peos? [€15 + €] —

—4 cos ‘,B[—%l sin Psin [€15 + o] + cos P sin P cos [€15 + E]]]— (15)
—N sin P sin [€15 + E5]]ea+

+[M[L sin P cos [€15 + €] [é sin ‘P cos [€15 + €3] — cos PsinPsin [€15 + Co| —

—L sin Psin [€15 + €] [—é sin Psin (€15 + 5] + cos Psin P cos [€15 + Ea]]]—

—N cos Ples,

where €1, Exare constants of integration and

1—ukx uT

M = , N = )
\/(1 — un)2 + u2r2? \/(1 — UH)Q + u?r?

Proof. Assume that ng is the standard unit normal vector field on normal ruled surface defined
by

B AL,
Geort (L5 A Lu, €5 A £0)]2

ng (16)
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So it is evident that
B=[1 sin Psin [€1s + €] [sin? Psin? [€15 + €] — sin? Pcos? [€15 + €] —

—1 cos &]3[%1 sin P cos [€15 + €3] — cos Psin Psin [€15 + Eo]Je;—

—[£ sin P cos [€15 + €] [sin® Psin? [€; s + €] — sin® P cos? €15 + €] —

(17)
—1 cos ‘B[—é sin Psin [€15 + Eo] + cos Psin P cos [€15 + Eo]]]ea+
+[L sin P cos [€15 + €] [é sin P cos [€15 + €2] — cos PsinPsin [€15 + C] —
— 1 sin Psin [€5 + €] [—é sin P sin [€15 + o] + cos Psin P cos [€15 + E]]]es.
Combining Eq.(16) and Eq.(17), Eq.(15) is obtained. Thus the proof is completed. O
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