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ON NORMAL RULED SURFACES OF GENERAL HELICES IN THE SOL
SPACE Sol3

MAHMUT ERGÜT1, TALAT KÖRPINAR2, ESSIN TURHAN1

Abstract. In this paper, normal ruled surface of general helices in the Sol3 are studied. Also,

explicit parametric equations of normal ruled surface of general helices in the Sol3 are found.
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1. Introduction

A developable surface, or torse, is a surface with zero Gaussian curvature. So it can be
flattened onto a plane without distortion. In elementary differential geometry, it is stated that
under the assumption of sufficient differentiability, a developable surface is either a plane, conical
surface, cylindrical surface or tangent surface of a curve or a composition of these types. Thus
a developable surface is a ruled surface, where all points of the same generator line share a
common tangent plane.

Design using free-form developable surfaces plays an important role in the manufacturing
industry. Currently most commercial systems can only support converting free-form surfaces
into approximate developable surfaces. Direct design using developable surfaces by interpolating
descriptive curves is much desired in industry.

In this paper, normal ruled surface of general helices in the Sol3 are studied. It ends with
the determination of explicit parametric equations of normal ruled surface of general helices in
the Sol3, apparently new.

2. Riemannian structure of Sol space Sol3

Sol space, one of Thurston’s eight 3-dimensional geometries, can be viewed as R3 provided
with Riemannian metric

gSol3 = e2zdx2 + e−2zdy2 + dz2, (1)

where (x, y, z) are the standard coordinates in R3.
Note that the Sol metric can also be written as:

gSol3 =
3∑

i=1

ωi ⊗ ωi, (2)

where
ω1 = ezdx, ω2 = e−zdy, ω3 = dz, (3)
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and the orthonormal basis dual to the 1-forms is

e1 = e−z ∂

∂x
, e2 = ez ∂

∂y
, e3 =

∂

∂z
. (4)

Proposition 1. For the covariant derivatives of the Levi-Civita connection of the left-invariant
metric gSol3, defined above the following is true:

∇ =



−e3 0 e1

0 e3 −e2

0 0 0


 , (5)

where the (i, j)-element in the table above equals ∇eiej for the basis

{ek, k = 1, 2, 3} = {e1, e2, e3}.
Lie brackets can be easily computed as:

[e1, e2] = 0, [e2, e3] = −e2, [e1, e3] = e1.

The isometry group of Sol3 has dimension 3. The connected component of the identity is
generated by the following three families of isometries:

(x, y, z) → (x + c, y, z) ,

(x, y, z) → (x, y + c, z) ,

(x, y, z) → (
e−cx, ecy, z + c

)
.

3. General helices in Sol space Sol3

Assume that {T,N,B} be the Frenet frame field along γ. Then, the Frenet frame satisfies
the following Frenet–Serret equations:

∇TT = κN,

∇TN = −κT + τB,

∇TB = −τN,

(6)

where κ is the curvature of γ and τ its torsion and

gSol3 (T,T) = 1, gSol3 (N,N) = 1, gSol3 (B,B) = 1,

gSol3 (T,N) = gSol3 (T,B) = gSol3 (N,B) = 0.
(7)

With respect to the orthonormal basis {e1, e2, e3}, it is possible to write

T = T1e1 + T2e2 + T3e3,

N = N1e1 + N2e2 + N3e3,

B = T×N = B1e1 + B2e2 + B3e3.

(8)

Theorem 3.1. ([14]) Let γ : I −→ Sol3 be a unit speed non-geodesic general helix. Then, the
parametric equations of γ are

x (s) = sin Pe− cos Ps−C3

C2
1+cos2 P

[− cosP cos [C1s + C2] + C1 sin [C1s + C2]] + C4,

y (s) = sin Pecos Ps+C3

C2
1+cos2 P

[−C1 cos [C1s + C2] + cosP sin [C1s + C2]] + C5,

z (s) = cosPs + C3,

(9)

where C1,C2, C3, C4, C5 are constants of integration.
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An example of a graphic defined by Eq. (9) is illustrated in Fig. 1:

Figure 1.

It results from the above theorem:

Theorem 3.2. Let γ : I −→ Sol3 be a unit speed non-geodesic general helix. Then, the equation
of γ is

γ (s) = [ sin P
C2

1+cos2 P
[− cosP cos [C1s + C2] + C1 sin [C1s + C2]] + C4e

cos Ps+C3 ]e1+

+[ sin P
C2

1+cos2 P
[−C1 cos [C1s + C2] + cosP sin [C1s + C2]] + C5e

− cos Ps−C3 ]e2+

+[cosPs + C3]e3,

(10)

where C1,C2, C3, C4, C5 are constants of integration.

4. Normal ruled surfaces of general helices in Sol3

The purpose of this section is to study normal ruled surfaces of general helices in Sol3.

The normal ruled surface of γ is

L (s, u) = γ (s) + uN. (11)

Theorem 4.1. Let γ : I −→ Sol3 is a unit speed non-geodesic general helix in Sol3. Then, the
equation of normal ruled surface of γis

L (s, u) = [ sin P
C2

1+cos2 P
[− cosP cos [C1s + C2] +

+C1 sin [C1s + C2]] + C4e
cos Ps+C3+

+ u
κ [− 1

C1
sinP sin [C1s + C2] + cosP sinP cos [C1s + C2]]]e1+

+[ sin P
C2

1+cos2 P
[−C1 cos [C1s + C2] + cosP sin [C1s + C2]] + C5e

− cos Ps−C3+

+ u
κ [ 1

C1
sinP cos [C1s + C2]− cosP sinP sin [C1s + C2]]]e2+

+[cosPs + u
κ [sin2 P sin2 [C1s + C2]− sin2 P cos2 [C1s + C2]] + C3]e3,

(12)

where C1,C2, C3, C4, C5 are constants of integration.

Proof. Assume that γ be a unit speed non-geodesic general helix. After Theorem 3.2, it is
possible to state that

T = sinP cos [C1s + C2] e1 + sin P sin [C1s + C2] e2 + cosPe3.
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And, using the first equation of Eq.(8), we have

∇TT =
(
T ′1 + T1T3

)
e1 +

(
T ′2 − T2T3

)
e2 +

(
T ′3 − T 2

1 + T 2
2

)
e3.

This can be rewritten as

∇TT = [− 1
C1

sinP sin [C1s + C2] + cosP sinP cos [C1s + C2]]e1 +

+[
1
C1

sinP cos [C1s + C2]− cosP sinP sin [C1s + C2]]e2 +

+[sin2 P sin2 [C1s + C2]− sin2 P cos2 [C1s + C2]]e3.

By the use of Frenet formulas and the above equation, it is achieved

N = 1
κ [− 1

C1
sinP sin [C1s + C2] + cosP sinP cos [C1s + C2]]e1+

+ 1
κ [ 1

C1
sinP cos [C1s + C2]− cosP sinP sin [C1s + C2]]e2+

+ 1
κ [sin2 P sin2 [C1s + C2]− sin2 P cos2 [C1s + C2]]e3.

(13)

¤

Combining Eq.(13) and Eq.(11), it is obtained Eq.(12).

Theorem 4.2. Let γ : I −→ Sol3 be a unit speed non-geodesic general helix and Lits normal
ruled surface on Sol3. Then, the parametric equations of L are

xL (s, u) = exp[− cosPs− u
κ [sin2 P sin2 [C1s + C2]− sin2 P cos2 [C1s + C2]]− C3]

[ sin P
C2

1+cos2 P
[− cosP cos [C1s + C2] + C1 sin [C1s + C2]] + C4e

cos Ps+C3+

+ u
κ [− 1

C1
sinP sin [C1s + C2] + cosP sinP cos [C1s + C2]]],

yL (s, u) = exp[cosPs + u
κ [sin2 P sin2 [C1s + C2]− sin2 P cos2 [C1s + C2]] + C3]

[ sin P
C2

1+cos2 P
[−C1 cos [C1s + C2] + cosP sin [C1s + C2]] + C5e

− cos Ps−C3+

+ u
κ [ 1

C1
sinP cos [C1s + C2]− cosP sinP sin [C1s + C2]]],

zL (s, u) = [cosPs + u
κ [sin2 P sin2 [C1s + C2]− sin2 P cos2 [C1s + C2]] + C3],

(14)

where C1,C2, C3, C4, C5 are constants of integration.

Proof. Using the relations Eq.(4) and Eq.(12), it is achieved Eq.(14). This completes the proof.
¤

Similarly, an example of the obtained parametric equations for Eq.(14) is illustrated in Fig.2:
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Figure 2.

Thus, the following statement is demonstrated:

Corollary 4.1. Let γ : I −→ Sol3 be a unit speed non-geodesic general helix and L its normal
ruled surface in Sol space. Then, unit normal of normal ruled surface of γ is

nL=[M[ 1
κ sinP sin [C1s + C2] [sin2 P sin2 [C1s + C2]− sin2 P cos2 [C1s + C2]−

− 1
κ cosP[ 1

C1
sinP cos [C1s + C2]− cosP sinP sin [C1s + C2]]]−

−N sinP cos [C1s + C2]]e1+

+[−M[ 1
κ sinP cos [C1s + C2] [sin2 P sin2 [C1s + C2]− sin2 P cos2 [C1s + C2]−

− 1
κ cosP[− 1

C1
sinP sin [C1s + C2] + cosP sinP cos [C1s + C2]]]−

−N sinP sin [C1s + C2]]e2+

+[M[ 1
κ sinP cos [C1s + C2] [ 1

C1
sinP cos [C1s + C2]− cosP sinP sin [C1s + C2]−

− 1
κ sinP sin [C1s + C2] [− 1

C1
sinP sin [C1s + C2] + cosP sinP cos [C1s + C2]]]−

−N cosP]e3,

(15)

where C1,C2are constants of integration and

M =
1− uκ√

(1− uκ)2 + u2τ2

, N =
uτ√

(1− uκ)2 + u2τ2

.

Proof. Assume that nL is the standard unit normal vector field on normal ruled surface defined
by

nL =
Ls ∧ Lu

|gSol3 (Ls ∧ Lu, Ls ∧ Lu)| 12
. (16)
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So it is evident that
B=[ 1

κ sinP sin [C1s + C2] [sin2 P sin2 [C1s + C2]− sin2 P cos2 [C1s + C2]−

− 1
κ cosP[ 1

C1
sinP cos [C1s + C2]− cosP sinP sin [C1s + C2]]]e1−

−[ 1
κ sinP cos [C1s + C2] [sin2 P sin2 [C1s + C2]− sin2 P cos2 [C1s + C2]−

− 1
κ cosP[− 1

C1
sinP sin [C1s + C2] + cosP sinP cos [C1s + C2]]]e2+

+[ 1
κ sinP cos [C1s + C2] [ 1

C1
sinP cos [C1s + C2]− cosP sinP sin [C1s + C2]−

− 1
κ sinP sin [C1s + C2] [− 1

C1
sinP sin [C1s + C2] + cosP sinP cos [C1s + C2]]]e3.

(17)

Combining Eq.(16) and Eq.(17), Eq.(15) is obtained. Thus the proof is completed. ¤
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